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S t a n f o r d  R e s e a r c h  I n s t i t u t e  $- 
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S e p t e m b e r  2 1  1 9 6 4  

t h e  a c t i o n  o v e r  t h e  a c t u a l  t r a j e c t o r y  a n d  S o  

i n t e r a c t i o n .  For 2 - b o d y  s p h e r i c a l  p o t e n t i a l  

w h e r e  6 i s  t h e  d e f l e c t i o n  a n g l e  and A i s  t h e  

l i m i t  o f  2SIS , (E) .  A new, r a p i d l y  c o n v e r g e n t  

From t h i s  i s  d e r i v e d  a c o n v e r g e n t  e x p a n s i o n  

C C l a s s i c a l  s c a t t e r i n g  i s  b a s e d  on t h e  a c t i o n  A - f t e 5 3 % ~ ~  

i s  o v e r  t h e  e q u i v a l e n t  w i t h o u t  

s c a t t e r i n g  A = A i L , E )  - Le, 
c l a s s i c a l  p h a s e ,  t h e  c l a s s i c a l  

e x p r e s s i o n  i s  g i v e n  f o r  A ( L , E ) .  
n 1 / E  v a l i d  f o r  f i x e d  L # 0,  

a n d  a n  e q u i v a l e n t  f o r m  i n  1 / L  v a l i d  f o r  f i x e d  E.  T h e  l o w e s t  term i n  1 / L  
a g r e e s  w i t h  Massey and  Mohr,  a n d  h i g h e r  t e r m s a r e  e v a l u a t e d .  

I 

A .  INTRODUCTION 

Atomic  s c a t t e r i n g  t h e o r y  i s  s e c u r e l y  b a s e d  i n  quan tum m e c h a n i c s .  J u s t  

a s  p r o p e r l y ,  many p r o b l e m s  a r e  b e s t  t r e a t e d ,  t o  a v e r y  good  a p p r o x i m a t i o n ,  

by c l a s s i c a l  m e t h o d s .  The q u a n t a l  j u s t i f i c a t i o n  o f  t h i s  p r o c e d u r e  i s  w e l l  

u n d e r s t o o d l 2 ,  b u t t h e  p r o f o u n d  a n d  i n t i m a t e  c o n n e c t i o n  b e t w e e n  t h e  q u a n t a l  

and c l a s s i c a l  f o r m u l a t i o n s  h a s  n o t  a l w a y s  b e e n  s u f f i c i e n t l y  r e c o g n i z e d .  

A l l  t h e  f o r m u l a s  o f  c l a s s i c a l  s c a t t e r i n g  c a n  b e  d e r i v e d  f r o m  a c l a s -  

s i c a l  a c t i o n  A t h a t  c a n  b e  d e f i n e d  f o r  a n y  c o l l i s i o n . 3  

s y m m e t r y  t h i s  i s  c l o s e l y  r e l a t e d  t o  t h e  c l a s s i c a l  p h a s e  A ( L , E ) ,  t h e  l i m i t  
o f  t h e  q u a n t a l  p h a s e  s h i f t  i n  t h e  f o r m  2&6,(E). U s i n g  t h e  a c t i o n  A i t  i s  

n a t u r a l  t o  d e f i n e  t h e  c l a s s i c a l  s c a t t e r i n g  a m p l i t u d e  by  F(8,E) = o!leiA/u. 

These d e f i n i t i o n s  w i l l  b e  j u s t i f i e d  a n d  d i s c u s s e d  i n  S e c t i o n  B. 

F o r  s p h e r i c a l  

. 
I n  o r d e r  t o  e x p l o i t  t h e  p a r a l l e l  f u r t h e r ,  I i n t e n d 4  t o  show t h e  q u a n t a l  

s c a t t e r i n g  a m p l i t u d e  c a n  b e  summed SO t h a t  t h e  c l a s s i c a l  r e s u l t  i s  t h e  

l e a d i n g  term a n d  t h e  m a j o r  q u a n t a l  c o r r e c t i o n s  c a n  b e  c o m p u t e d  d i r e c t l y  a n d  

e a s i l y .  N a t u r a l l y ,  t h e  s i m p l e s t  e x a m p l e  on w h i c h  t o  work o u t  t h i s  p r o g r a m  
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Research I n s t i t u t e .  - -  - ‘ 
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i s  2 - b o d y  i s o t r o p i c  p o t e n t i a l  s c a t t e r i n g .  I n  o r d e r  t o  p a v e  t h e  way f o r  

t h a t ,  S e c t i o n  C o f  t h i s  p a p e r  i n c l u d e s  a b r i e f  r e s t a t e m e n t  o f  t h e  r e l e v a n t  

c l a s s i c a l  e x p r e s s i o n s  f rom t h a t  c a s e .  They  c a n  b e  p u t  i n t o  a fo rm t h a t  

may b e  new a n d  h a s  some mer i t s  o f  r a p i d  c o n v e r g e n c e  a n d  s i m p l i c i t y .  The  

r e s u l t i n g  e x p r e s s i o n s  make i t  e a s y  t o  o b t a i n  e x p a n s i o n s  i n  1 /E  v a l i d  a t  

f i x e d  n o n - z e r o  L a n d  i n  1 / L  v a l i d  a t  f i x e d  E .  T h e s e  r e s u l t s  h a v e  t h e i r  

own v a l u e  i n d e p e n d e n t  o f  t h e i r  u s e  i n  XI, and  some e x a m p l e s  w i l l  b e  

w o r k e d  o u t .  

!3, CLASSICAL ACTION AND SCATTERING AMPLITUDE 

I f  t h e  c l a s s i c a l  t r a j e c t o r y  i s  known f o r  a s c a t t e r i n g  e v e n t ,  t h e  

c o r r e s p o n d i n g  a c t i o n  i s  

The  i n t e g r a l  d i v e r g e s  b e c a u s e  o f  t h e  t a i l  a t  l a r g e  r w h e r e  t h e  i n t e r -  

a c t i o n  u s u a l l y  v a n i s h e s ,  s o  i t  i s  n a t u r a l  t o  s u b t r a c t  t h e  s t a n d a r d  a c t i o n  

f o r  t h e  e q u i v a l e n t  c o l l i s i o n  w i t h o u t  i n t e r a c t i o n ,  

so = JPO * dqo 

T h e  r e s u l t  o f  t h e  s u b t r a c t i o n  i s  t h e  c o l l i s i o n  a c t i o n  

( 2 )  

A = S - S o  . ( 3  

O b v i o u s l y ,  i f  t h e  c o l l i s i o n  i s  i n e l a s t i c  S o  m u s t  b e  t a k e n  i n  two p a r t s  

a n  i n c o m i n g  p a r t  m a t c h i n g  t h e  i n i t i a l  t r a j e c t o r y  a n d  t a k e n  u p  t o  t h e  

p o i n t  o f  c l o s e s t  a p p r o a c h ,  and  an o u t g o i n g  p a r t  m a t c h i n g  t h e  f i n a l  t r a -  

j e c t o r y  a n d  b e g i n n i n g  a t  t h e  p o i n t  o f  c l o s e s t  a p p r o a c h  o f  t h e  c o m p a r i s o n  

t r a j e c t o r y .  F u r t h e r ,  t h i s  d e f i n i t i o n  o f  A f a i l s  t o  c o n v e r g e  f o r  t h e  

cou lomb i n t e r a c t i o n ,  so t h e  a r g u m e n t  i s  l i m i t e d  t o  forces  o f  s h o r t e r  r a n g e  

[ e . g . ,  l i m  r * ~ ( r )  = 01. 
r -OD 

When t h e  c o l l i s i o n  i s  g o v e r n e d  by a s i m p l e  i s o t r o p i c  2 - b o d y  p o t e n t i a l  

t h e  a c t i o n s  S and S o  c a n  be w r i t t e n  i n  terms o f  r a d i a l  a n d  a z i m u t h a l  V ( r ) ,  

c o m p o n e n t s :  

t 
h 
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w h e r e  8 i s  t h e  d e f l e c t i o n  a n g l e  of t h e  ac.tua1 t r a j e c t o r y  (e is n o t  n e c e s -  

s a r i  l y  p o s i t i v e ) .  We t h e n  g e t  

A = A ( E , L )  - L8 , ( 6 )  

w h e r e  

c a n  b e  c a l l e d  t h e  c l a s s i c a l  p h a s e  s i n c e  i t  r e p r e s e n t s  t h e  l i m i t  o f  t h e  

q u a n t a l  p h a s e  s h i f t  6 , ( E )  i n  t h e  s e n s e  

I t  i s  w e l l  known t h a t  t h e  c l a s s i c a l  s c a t t e r i n g  a n g l e  6,  d i f f e r e n t i a l  

c r o s s  s e c t i o n  c, a n d  c o l l i s i o n  l i f e t i m e  Q d e p e n d  s i m p l y  o n  A ( L , E ) :  

I n v e r t i n g  Eq. ( 9 )  we f i n d  

L = w , e )  . 

As a c o n s e q u e n c e  o f  E q s .  ( 9 )  a n d  ( 4 )  w e  c a n  a s s e r t  t h a t  

( 1 2 )  
- 1  
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I t  i s  n a t u r a l  t o  p u r s u e  t h e  i m p l i c a t i o n  o f  Eq. ( 8 )  by d e f i n i n g  t h e  

c l a s s i c a l  l i m i t  o f  t h e  s c a t t e r i n g  m a t r i x  s .  

T h i s  c o n s t r u c t  i s  v e r y  r e m i n i s c e n t  o f  t h e  c l a s s i c a l  wave f u n c t i o n ,  

w h e r e  S i s  t h e  c l a s s i c a l  a c t i o n . 5  

t r e a t m e n t  o f  q u a n t u m  m e c h a n i c s , 6  and $ c l  h a s  r e c e n t l y  b e e n  u s e d  t o  g o o d  

e f f e c t  b y  M o t z . ’  E x p r e s s i o n s  l i k e  ( 1 5 )  go b a c k  t o  S c h r o d i n g e r ’ s  demon- 

s t r a t i o n  of t h e  r e l a t i o n  b e t w e e n  h i s  e q u a t i o n  a n d  t h e  H a m i l t o n - J a c o b i  

e q u a t i o n ,  a n d  t h e  same f o r m  i s  e n c o u n t e r e d  i n  t h e  WKB a p p r o x i m a t i o n  t o  t h e  

wave f u n c t i o n .  

A f o r m  o f  $ c l  i s  t h e  b a s i s  o f  F e y n m a n ’ s  

I t  i s  t h e r e f o r e  n o  s u p r i s e  t h a t  A ( L , E ) / 2 . h  i s  i d e n t i c a l  t o  t h e  l owes t  

o r d e r  WKB a p p r o x i m a t i o n  t o  t h e  p h a s e  s h i f t  6 , ( E ) .  However ,  i n  o r d e r  t o  see  

c l e a r l y  t h e  s t r u c t u r e  o f  t h e  p h y s i c s  u n d e r l y i n g  t h e s e  e x p r e s s i o n s ,  i t  seems 

t o  m e  o f  g r e a t  i m p o r t a n c e  t o  l o o k  upon  A ( L , E )  a s  a n  i m p o r t a n t  c l a s s i c a l  

q u a n t i t y  i n  i t s  own r i g h t ,  a n d  n o t  t o  s u b m e r g e  i t  from v i e w  u n d e r  t h e  t ime-  

h o n o r e d  b u t  d e m e a n i n g  l a b e l  o f  “WKB p h a s e  s h i f t . ”  

I t  r e m a i n s  t o  d e f i n e  t h e  c l a s s i c a l  l i m i t  o f  t h e  s c a t t e r i n g  a m p l i t u d e .  

I t  i s  h e l p f u l  f i r s t  t o  w r i t e  t h e  q u a n t a l  a m p l i t u d e  f o r m a l l y  a s  

w h e r e  A i s  e x p a n d e d  i n  p o w e r s  of 6: 
P U  

A q u  = A + & A l  + & ’ A ,  . . . ,  ( 1 7 )  

A b e i n g  t h e  c l a s s i c a l  term o f  Eq.  ( 6 ) .  T h e  s i m p l e s t  c l a s s i c a l  a n a l o g  o f  

( 1 6 )  i s  

b u t  i t  i s  o b v i o u s l y  p r e f e r a b l e  t o  s e e k  a f o r m  s u c h  t h a t  

= a(E,e) . ( 1 9 )  
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One i s  t h e r e f o r e  l e d  t o  look a t  t h e  n e x t  term i n  t h e  e x p a n s i o n  ( 1 7 ) ,  
s i n c e  ( 1 9 )  w o u l d  b e  s a t i s f i e d  i f  

We t h e n  f i n d  t h a t  

( 2 1 )  

where 

a = R e ( A , )  . ( 2 2 )  

A p p l y i n g  t h e  c o n s i d e r a t i o n s  o f  s e m i c l a s s i c a l  s c a t t e r i n g  t h e o r y ,  ~1 c a n  b e  

shown t o  d e p e n d  on A ( L , E ) :  

a = -  5 7 T + 2  (E] +T ( K )  
4 2 le1 4 IK'I ' 

( 2 3 )  

w h e r e  A" = a 2 A / X 2 .  
z e r o t h  o r d e r  i n  6, I s h a l l  term i t  s i m p l y  t h e  c l a s s i c a l  s c a t t e r i n g  

a m p l i t u d e .  

p r i m i t i v e ,  a n d  F ,  t h e  r e f i n e d ,  c l a s s i c a l  a m p l i t u d e . )  When t h e r e  i s  a 

s i n g l e  term o f  t h i s  f o r m ,  o b s e r v a t i o n s  a r e  a l w a y s  c o n f i n e d  t o  t h e  c r o s s  

s e c t i o n  g i v e n  by ( 1 9 )  w h i c h  i s  p u r e l y  c l a s s i c a l .  S e m i c l a s s i c a l  s c a t t e r i n g  

a p p e a r s  i n  i t s  most  p r i m i t i v e  form when 2 o r  more  terms of  t h e  form ( 2 1 )  
a r e  a d d e d ,  w h i c h  r e s u l t s  i n  n o n c l a s s i c a l  i n t e r f e r e n c e  e f f e c t s  i n  t h e  s q u a r e  

o f  t h e  sum. 

S i n c e  F ,  d o e s  n o t  i n c l u d e  a n y  terms o f  h i g h e r  t h a n  

(When t h e  d i s t i n c t i o n  m u s t  b e  made,  F ,  c a n  be  c a l l e d  t h e  

I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  t h e  e x p a n s i o n  o f  A i n  p o w e r s  o f + ,  

E q .  ( 1 7 1 ,  i s  s u g g e s t i v e  o n l y  a n d  p r o b a b l y  does  n o t  r e p r e s e n t  a c o n v e r g e n t  

s e r i e s  m a t h e m a t i c a l l y .  T h i s  i s  j u s t  l i k e  t h e  s i t u a t i o n  e n c o u n t e r e d  i n  t h e  

w e l l - k n o w n  b r e a k d o w n  o f  t h e  WKB e x p a n s i o n  o f  t h e  wave f u n c t i o n  i n  t h e  

n e i g h b o r h o o d  o f  a c l a s s i c a l  t u r n i n g - p o i n t .  T h i s  d e f i c i e n c y  i n  t h e  wave 

f u n c t i o n  c a n  be r e m e d i e d  b y  t h e  u s e  o f  d i f f e r e n t  a p p r o x i m a t i n g  f u n c t i o n s  

i n  t h e  c o n n e c t i o n  r e g i o n ,  a n d  one  o f  t h e  p u r p o s e s  o f  t h e  f o l l o w i n g  p a p e r ,  

11, i s  t o  show w h a t  k i n d  of c o r r e c t i o n s  a r e  n e e d e d  t o  i m p r o v e  t h e  s c a t t e r i n g  

a m p l i t u d e .  I n  g e n e r a l  t h e  a m p l i t u d e  w i l l  n o t  a p p e a r  a s  a n  a n a l y t i c  f u n c t i o n  

o f  h n e a r  h = 0 ,  a n d  t h e  same i s  t r u e  o f  r e l a t e d  q u a n t i t i e s  s u c h  as  t h e  

p h a s e  s h i f t ,  t h e  c o l l i s i o n  l i f e t i m e ,  o r  t h e  d e n s i t y  o f  s t a t e s .  For t h i s  

5 
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r e a s o n ,  power s e r i e s  e x p a n s i o n s  may n o t  b e  a t  a l l  a p p r o p r i a t e  f o r  s t u d y i n g  

q u a n t a l  c o r r e c t i o n s  t o  t h e  c l a s s i c a l  t r a n s p o r t  c o e f f i c i e n t s  o r  v i r i a l  

c o e f f i c i e n t s .  T h i s  phenomenon i s  q u i t e  g e n e r a l ,  a n d  h a s  b e e n  f o u n d  t o  

o c c u r  a l s o  i n  c o n n e c t i o n  w i t h  t h e  Thomas -Fe rmi  f o r m u l a  f o r  t h e  p a r t i c l e  

d e n s i t y  i n  a f e r m i o n  s y s t e m . '  

Despite t h i s  f a i l u r e  o f  t h e  power se r ies  e x p a n s i o n ,  t h e  l owes t  o r d e r  

term o b t a i n e d  i n  a f o r m a l  e x p a n s i o n  l i k e  ( 1 7 )  u s u a l l y  d o e s  g i v e  a v e r y  g o o d  

a p p r o x i m a t i o n  f o r  m o s t  r e g i o n s  o f  t h e  v a r i a b l e s  i n v o l v e d .  For e x a m p l e ,  t h e  

WKB wave f u n c t i o n  i s  u s u a l l y  v e r y  s a t i s f a c t o r y  f a r  away f r o m  t h e  c l a s s i c a l  

t u r n i n g  p o i n t s .  S i m i i a r i y ,  t h e  c i a s s i c a i  s c a t t e r i n g  a m p i i t u d e  i s  u s u a l l y  

v e r y  good ( f o r  l a r g e  e n o u g h  e n e r g i e s )  e x c e p t  f o r  6 c l o s e  t o  0 a n d  TI o r  n e a r  

a r a i n b o w  a n g l e ,  and  t h e  c l a s s i c a l  p h a s e  s h i f t s  a n d  c o l l i s i o n  l i f e t i m e s  a r e  

:rerji good e v c e p t  f o r  e n e r g i e s  c l o s e  t o  t h e  r e g i o n  of o r b i t i n g  o r  n e a r  

r e s o n a n c e s  o f  a n  a t t r a c t i v e  p o t e n t i a l .  9 

C. TI1E CLASSICAL PHASE A ( L , E )  

1. I N T E G R A L  F O R M U L A S  

I n  t h i s  s e c t i o n  I s h a l l  d e r i v e  some f o r m u l a s  f o r  t h e  c l a s s i c a l  p h a s e  

A ( L , E )  a n d  i t s  d e r i v a t i v e s .  A ( L , E )  c a n  be  c a s t  i n t o  s e v e r a l  a l t e r n a t i v e  

f o r m s :  

dV 
m r -  

dr  
d r  . 

E - V ( r )  
' 0  

( 2 4 c  1 
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, 

1 
H e r e  the p ' s  a r e  r a d i a l  momenta, 

L 
= 2;LE - - 

r 2  

and t h e  t u r n i n g  p o i n t s  r o , b ,  and  b , ( R )  = b ,  a r e  d e f i n e d  by 

The c o n n e c t i o n  b e t w e e n  t h e  Eqs. 
of  t h e  i n t e g r a l  

( 2 4 )  and ( 2 4 c )  d e p e n d s  on  t h e  e v a l u a t i o n  

and i t s  r e p l a c e m e n t  b y  a f u n c t i o n  w i t h  t h e  same l i m i t i n g  b e h a v i o r ,  

R p R / L  
( X *  - 11% 

= L [  x d x  . ( 2 8  
' 1  



c 

T h e  f i n a l  c o n n e c t i o n  w i t h  E q .  ( 2 4 c ) c o m e s  a b o u t  b e c a u s e  

i -  T h e  f i r s t  form o f  Eq. ( 2 4 )  i s  t h e  f a m i l i a r  o n e .  T h e  s e c o n d  s h o w s  how 

t h e  phase s h i f t  is cr\mpcsed n f  t h e  d i f f e r a n r e  b e t w e e n  t w o  s i m p l e  a c t i o n  

i n t e g r a l s ,  o n e  o v e r  t h e  r a d i a l  m o t i o n  on  t h e  a c t u a l  t r a j e c t o r y  a n d  a n o t h e r  

o v e r  t h e  r a d i a l  m o t i o n  on  a c o m p a r i s o n  t r a j e c t o r y  w i t h  v a n i s h i n g  i n t e r -  

a c t i o n .  I n  t h e  t h i r d  fo rm t h e  c o m p a r i s o n  t r a j e c t o r y  i s  t a k e n  a s  f o r c e - f r e e  

i n s i d e  R ,  b u t  w i t h  t h e  c o n s t a n t  p o t e n t i a l  V ' ( r  5 R )  = V ( R ) .  The  l a s t  f o r m  

s h o w s  t h e  c o n t r i b u t i o n  t o  t h e  p h a s e  s h i f t  f rom d i f f e r e n t  r e g i o n s  o f  t h e  

t r a j e c t o r y ,  d i s p l a y i n g  e x p l i c i t l y  t h e  d e p e n d e n c e  on  t h e  r a d i a l  f o r c e  

- ( d V / d r ) ;  t h i s  fo rm h a s  t h e  c o m p u t a t i o n a l  a d v a n t a g e  o f  c o n v e r g i n g  r a p i d l y  

a t  l a r g e  r i f  t h e  i n t e r a c t i o n  i s  o f  s h o r t  r a n g e .  

T h e  c l a s s i c a l  d e f l e c t i o n  f u n c t i o n  is w e l l  known t o  b e  a d e r i v a t i v e  

o f  A: 

m m 
d r  d r  

r 2 p o ( r )  r 2 p ( r )  
= 2 L  1 - 2 L l  - 

r O  

I .  

T h e  l a s t  f o r m  s h o w s  t h e  d e p e n d e n c e  o f  8 o n  t h e  r a d i a l  f o r c e .  I t  i s  e q u i v -  

a l e n t  t o  a f o r m  u s e d  by F i r s o v l ' i n  t h e  s t u d y  o f  t h e  i n v e r s e  p r o b l e m ,  t h e  

( 3 0 a )  
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d e d u c t i o n  o f  t h e  p o t e n t i a l  f rom t h e  c l a s s i c a l  d e f l e c t i o n .  S i n c e  i t  c o n -  

v e r g e s  more  r a p i d l y  t h a n  t h e  f i r s t  form a t  l a r g e  r ,  i t  i s  a l s o  u s e f u l  f o r  

t h e  d i r e c t  p r o b l e m .  The c l a s s i c a l  c o l l i s i o n  l i f e t i m e  i s  a l s o  a d e r i v a t i v e  

o f  A:  

T h e  l a s t  f o r m  c o n v e r g e s  r a p i d l y ,  and d i s p l a y s  c o n v e n i e n t l y  t h e  a n a l y t i c a l  

b e h a v i o r  o f  Q. 

I t  i s  u s e f u l  t o  i n t r o d u c e  a n o t h e r  form o f  t h e s e  e q u a t i o n s  d e p e n d i n g  

on  r e d u c e d  v a r i a b l e s :  

W i t h  t h e s e  w e  c a n  wr i te :  

9 



.m 

l l i g h e r  d e r i v a t i v e s  o f  A w i t h  r e s p e c t  t o  L c a n  b e  o b t a i n e d  by  d i f -  

f e r e n t i a t i n g  w i t h  r e s p e c t  t o  r o  and u s i n g  

For e v a l u a t i n g  t h e  c l a s s i c a l  c r o s s  s e c t i o n  w e  n e e d  t h e  n e x t  d e r i v a t i v e ;  

d i f f e r e n t i a t i n g  E q .  ( 3 4 )  w e  g e t :  

- - 1 dn . 

An a l t e r n a t i v e  f o r m ,  i n v o l v i n g  t h e  s e c o n d  d e r i v a t i v e  o f  C, w o u l d  b e  o b -  

t a i n e d  by  s t a r t i n g  f r o m  Eq.  ( 3 4 a ) .  

10 



2. E X P A N S I O NS I N  1 / E  A N D  1 / L  

I n  t h e  l i m i t  o f  h i g h  e n e r g y  o r  h i g h  L t h e s e  e x p r e s s i o n s  f o r  A a n d  

i t s  d e r i v a t i v e s  a r e  c o n v e n i e n t l y  e v a l u a t e d  by e x p a n s i o n  i n  p o w e r s  o f  Lr 
a n d  i t s  d e r i v a t i v e s ,  wh ich  i s  e q u i v a l e n t . t o  e x p a n s i o n  i n  p o w e r s  of  1 / E .  
The  e x p a n s i o n  f o r  A c o n v e r g e s  f o r  a l l  L > 0 a n d  a l l  E > 0 i f  t h e  p o t e n t i a l  

i s  e n t i r e l y  r e p u l s i v e ;  f o r  a n  a t t r a c t i v e  p o t e n t i a l  c o n v e r g p n r e  i s  a s s u r e d  

f o r  a l l  L i f  E > I V m i n / ,  a n d  f o r  any E p r o v i d e d  L i s  l a r g e  e n o u g h  t h a t  

l L ' ( r , p ) l  < 1 f o r  a l l  p > 1. 
o f  U ,  a n d  t h e  s q u a r e  r o o t  i s  e x p a n d e d  a f t e r  w r i t i n g  i t  as  

The term 1 - CJ(r0p)- '  i s  e x p a n d e d  i n  p o w e r s  

w h e r e  

For t h e  e x p a n s i o n  c o e f f i c i e n t s  we c a n  u s e  t h e  i d e n t i t y  

1/2! = (-)k+l ( k  + I - 3/2)! k -t 1 - 3/2 

(1/2 - k - l ) ! k ! Z !  (-3/2)!k! Z! 

T h e  i n t e g r a n d  t h e n  i n v o l v e s  terms G z ( r o , p ) L ' D + k ( r o p ) ,  a n d  f o r  I # 0 i t  i s  

u s e f u l  t o  s u b s t i t u t e  f o r  L ' ( r , p )  from ( 3 9 ) .  We t h e n  h a v e  

A f t e r  a n  i n t e g r a t i o n  by  p a r t s  A ( L , E )  c a n  b e  e x p r e s s e d  i n  a f o r m  f r e e  o f  

d e r i v a t i v e s  o f  t h e  p o t e n t i a l ,  

11 



F r g m  this, d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  L w i l l  g i v e  8 ,  r, e t c .  T h e s e  

c o n t a i n  s u c c e s s i v e l y  h i g h e r  d e r i v a t i v e s  o f  U w i t h  r e s p e c t  t o  r ,  w h i c h  

c a n n o t  b e  e l i m i n a t e d  by  f u r t h e r  i n t e g r a t i o n  by  p a r t s .  T h u s ,  t h e  n t h  

d e r i v a t i v e  a"A/aLn i n c l u d e s  i n  i t s  l e a d i n g  term a n  i n t e g r a l  o v e r  a"U/ap", 
w e i g h t e d  n e a r  t h e  t u r n i n g  p o i n t  by t h e  f a c t o r  ( p 2  - l ) - f / .  

An a l t e r n a t i v e  f o r m  f o r  A ,  p a r t i c u l a r l y  u s e f u l  when U is  a d i f f e r -  

e n t i a b l e  f u n c t i o n ,  i s  o b t a i n e d  by a d i f f e r e n t  i n t e g r a t i o n  by p a r t s ,  

f o l l o w e d  by c o n s i d e r a b l e  m a n i p u l a t i o n  ( s e e  A p p e n d i x ) .  I n  t h e  e n d  o n e  

n e e d s  t h e  c o e f f i c i e n t s  

and  t h e  i n t e g r a l s  

T h e  f i n a l  f o r m  o f  A i s  t h e n  

I t  i s  a l s o  u s e f u l  t o  h a v e  t h e  a l t e r n a t i v e  f o r m  

12 



I 

w h e r e  

The e x p a n s i o n s  g i v e n  i n  E q s .  ( 4 2 ) ,  ( 4 5 1 ,  a n d  ( 4 6 )  a r e  s e r i e s  i n  E- '  
i n  w h i c h  L a p p e a r s  i m p l i c i t l y  i n  e a c h  t e r m  t h r o u g h  t h e  f u n c t i o n a l  d e p e n d -  

e n c e  b e t w e e n  L a n d  r o ,  a n d  t h u s  C ( r o )  a n d  C ( r o p ) .  

i s  u s e f u l  t o  make t h i s  d e p e n d e n c e  e x p l i c i t  i n  t h e  f o r m  o f  a n  e x p a n s i o n - -  

t h e r e  a r e  a ' c t u a l l y  two e x p a n s i o n s ,  o n e  v a l i d  f o r  s m a l l  L a n d  t h e  o t h e r  

f n c  large, Roth c a n  b e  o b t a i n e d  by a s i n g l e  p r o c e d u r e .  

For many p u r p o s e s  i t  

L e t  u s  w r i t e  

and  e x p a n d  V ( r o )  and  C ' ( r o p ) :  

When L i s  s m a l l  we c a n  e x p a n d  t h e  t u r n i n g  p o i n t  r o  a b o u t  x = y ,  t h e  t u r n i n g  

p o i n t  f o r  L = 0: 

when L i s  l a r g e  w e  c a n  e x p a n d  r o  a b o u t  t h e  i m p a c t  p a r a m e t e r  b .  

c a s e ,  w e  n e e d  t h e  d e p e n d e n c e  of c on  L or b .  T h i s  i s  o b t a i n e d  f rom t h e  

r e l a t i o n  

I n  e i t h e r  

U s i n g  Eq. ( 4 9 )  ( n o t e  i t s  c o n v e n t i o n  d e f i n i n g  U L J ) !  1 ,  t h i s  c a n  b e  c o n v e r t e d  

t o  t h e  f o r m  

13 



4 

. 

w h e r e  
b 2  - n 2 ( l  - U z )  

Y n  = 

a n d  

1 

As l o n g  a s  y o  a n d  c a r e  s m a l l ,  i t e r a t i o n  of  ( 5 3 1  g i v e s  

T h e  c o e f f i c i e n t s  y s i m p l i f y  i n  t h e  2 c a s e s  of  i n t e r e s t :  

( 5 4 )  

b 2 U b  
b )  L l a r g e :  Yo = 

- ' b  - b21"" b 
' 

I n  c a s e  ( a )  t h e  e x p a n s i o n  i s  i n  a s c e n d i n g  p o w e r s  o f  b 2  or  L 2 .  
a s  l o n g  a s  r 3 U ( r )  - 0 f o r  r + a, t h e  e x p a n s i o n  i s  i n  d e s c e n d i n g  p o w e r s  o f  

b o r  L ,  and  i s  i n  f a c t  a n  a s y m p t o t i c  e x p a n s i o n .  T h e  same i s  t r u e  when c 

i s  i n s e r t e d  i n  ( 4 9 )  a n d  ( 5 0 )  a n d  t h e s e  i n  t u r n  i n  E q .  ( 4 5 )  o r  ( 4 6 ) .  I n  
c a s e  ( a ) ,  i n  t h e  l i m i t  L = 0 ,  w e  f i n a l l y  g e t  a r e s u l t  t h a t  c o u l d  b e  o b -  

t a i n e d  much more  e a s i l y  by e x p a n d i n g  Eq.  

L = 0. 

I n  c a s e  ( b ) ,  

( 3 1 ~ )  d i r e c t l y  a f t e r  s e t t i n g  

14 



3. AN EXAMPLE: T H E  POTENTIAL F - ~  

The e v a l u a t i o n  of t h e  i n t e g r a l s  i n  ( 4 2 )  and ( 4 4 )  c a n  be  c a r r i e d  o u t  

a n a l y t i c a l l y  i f  U h a s  a s i m p l e  f u n c t i o n a l  form. For  a s i m p l e  power l aw 

of t h e  fo rm r - n ,  w e  e n c o u n t e r  t h e  i n t e g r a . 1 ~  

n - 3  
n - 2  

T i n  - 2 )  , 

rr 
1 ( 3 )  = 1 , l ( 2 )  = - . 

2 

With 

( 5 8 )  

t h e  phase  c a n  be  e x p r e s s e d  a s  a s e r i e s  i n  i n v e r s e  powers  o f  b ,  t h e  impac t  

p a r  ame t e r : 

where 

The f i r s t  few c o e f f i c i e n t s  a , ( n )  a r e  g i v e n  h e r e  f o r  t h e  c a s e s  n = 4 , 6 , 1 2 :  

n = 4 ,  a0  = - I(4) = - 0.785398,  

a 1  = - I ( 8 )  - =  + 0.736309,  
3 
2 

10 - 1 ( 4 )  - - I ( 1 2 )  = - 2.07394;  
a 2  3 

n = 6 ,  a. = - l ( 6 )  = - 0.589048,  

a1 = - I ( 1 2 )  = + 0.964405 5 
2 

2 1  28 1(18)  = - 9.06407;  I ( 6 )  - 3 a 2  = - -  2 

15 



n = 1 2 ,  a. = - 1 ( 1 2 )  = - 0 . 3 8 6 5 6 2 ,  

11 
2 

a 1  = - I ( 2 4 )  = 1 . 4 5 3 0 2 ,  

T h e  f i r s t  term a. is j u s t  t h e  o n e  o b t a i n e d  by Massey  a n d  Mohr.” 

The  v a l u e  of t h e  h i g h e r  terms i n  e x t e n d i n g  t h e  a p p l i c a b l e  r a n g e  o f  

t h e  a n a l y t i c a l  f o r m u l a  t o  s m a l l e r  i m p a c t  p a r a m e t e r s  i s  i l l u s t r a t e d  i n  

T a b l e  I w i t h  t h e  r e p u l s i v e  r - - i i  p o t e n t i a i  a s  t h e  e x a m p l e .  

we a l s o  g i v e  e x a c t  v a l u e s  o f  t h e  f u n c t i o n  @(b/o) = E A ( L , E ) / $ d  f o r  a w i d e  

r a n g e  o f  v a l u e s  o f  ,8 t o  s u p p l e m e n t  H i r s c h f e l d e r ’ s  t a b l e l ’ w h e r e  t h e  d e -  

f l e c t i o n  a n g l e  may be f o u n d .  T h e  t a b u l a t e d  v a l u e s  were o b t a i n e d  by 

e v a l u a t i o n  o f  t h e  i n t e g r a l ,  Eq. ( 2 4 c ) ,  f o r  A ( L , E )  by G a u s s - M e h l e r  

q u a d r a t u r e . 1 3  

i l l u s t r a t e  t h e  a s y m p t o t i c  n a t u r e  of  t h e  s e r i e s ,  t h e  h i g h e r  terms d i v e r g i n g .  

Iii the t z b l e  

T h e  f i r s t  few v a l u e s  g i v e n  by  t h e  e x p a n s i o n  i n  T a b l e  I 
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. 

P 

0.06 

0.08 

0.10 

0..15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0 .65  

0.70 

0.75 

0.80 

0.8.5 

0.90 

0.95 

- 

Table I 
@ ( b / c )  = Ea(L,E)/4fL AS A FUNCTION OF P = (b/c)(E/e)' 

FOR n = 12: EXACT CALCULATION AND ASYMPTOTIC EXPANSION 

@ ( e x a c t )  

-32.331 

-23.405 

- 18.099 
-11.099 

- 7.6338 
- 5.5790 
- 4.2281 
- 3.2796 
- 2.5826 
- 2.0534 
- 1.6419 
- 1.3160 
- 1.05% 
- 0.84292 
- 0.67043 
- 0.52945 
- 0.41421 
- 0.32027 
- 0.24416 
- 0.18309 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.70 

1.80 

1.90 

2.00 

2.50 

3.50 

5.00 
- 

@( exact ) 

-0.13476 

-9.7202 X lo-' 
-6.8663 X lo-' 
-4.7543 x 10-z 

-3.2353 x lo-' 
-2.1731 X lo-' 
-1.4483 x lo-' 
-9.6276 x 

-6.4127 X 

-4.2941 X 

-2.8972 x 

-1.9722 x 

-1.3554 x lob3 

-6.5926 x 

-3.3308 x 

-1.7436 X 

-9.4289 X lo-' 
-6.4850 X lo-' 
-1.1439 X 

-1.5834 x 

@(expansion) 

3 Terms 

-9.2189 x lo-' 
-4.0354 x 16' 

-2.3256 x lo-' 

-1.4771 x lo-* 

-9.687 X 

-6.4257 X 

-4.2972 X 

-2.8981 x 

-1.9724 X 

-1.3555 x 

-6.5926 x 

-3.3307 x 

2 Terms 

-2.1491 x 16' 
-2.5078 x 16' 

-1.9742 X lo-' 

-1.3915 x lo-' 

-9.467 

-6.3663 I 

-4.2804 x 

-2.8931 X 

-1.9709 X 

-1.3550 x 

-6.5921 x 

-3.3306 x 

-1.7435 x 

-9.4288 
-6.4850 x 

1 Term - 

-7.2251 x lo'-' 

-4.3356 x lo-' 

-2.6604 X 10 

-1.6592 x IO-' 

-1.0549 x 16' 

-6.8184 X 

-4.4751 x 

-2.9794 x 

-2.0102 x 

-1.3733 X 

-6.6349 x 

-3.3415 x 

-1.7465 x 

-9.4375 x 

-6.4854 X 

-1.14394 X 

-1.58336 X 

NOTE: For P =  1.15,  1.20. and 1.25 t h e  b e s t  approximation i s  g i v e n  by the  value underl ined,  shoring 
the  asymptotic nature of t h e  expansion. 
r e s u l t .  

For l arger  8. fur ther  terms would g i v e  a more e x a c t  
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APPENDIX 

To o b t a i n  E q .  ( 4 5 ) ,  t h e  s e c o n d  t y p e  o f  i n t e g r a l  i n  E q .  ( 4 1 )  i s  t r a n s -  

f o r m e d  by  s u c c e s s i v e  i n t e g r a t i o n s  by p a r t s  s o  t h a t  

E q u a t i o n  ( 3 9 )  i s  t h e n  s u b s t i t u t e d  f o r  G .  The  r e s u l t i n g  c l u s t e r  o f  c o -  

e f f i c i e n t s  c a n  be  r e d u c e d  b y  s u c c e s s i v e  a p p l i c a t i o n  o f  v a r i o u s  i d e n t i t i e s  

among t h e  b i n o m i a l  c o e f f i c i e n t s ,  i n c l u d i n g  t h e  f o l l o w i n g :  

( A - 3 )  

( A - 4 )  

I n  t h e  e n d  i t  i s  f o u n d  t h a t  t h e  t e r m s  a r i s i n g  f rom b o t h  t h e  f i r s t  i n t e g r a l  

i n  Eq. ( 4 1 )  [ w h i c h  i s  t r e a t e d  a s  i n  E q .  ( 4 2 1 1 ,  a n d  f rom t h e  o t h e r  i n t e g r a l s  

( w i t h  2 # O), a r e  s p e c i a l  c a s e s  of t h e  same g e n e r a l  f o r m u l a ,  e v e n  t h o u g h  

t h e  r o u t e s  t o  them a r e  d i f f e r e n t .  
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